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Let Fq be a ﬁnite ﬁeld of order q and whose characteristic is not
equal to 2 or 3. Let G denote a split algebraic group of type D4
over Fq . It contains a split algebraic group G2 over Fq . In this
paper we will state a conjecture on the dimensions of G2(Fq)-
invariant vectors on representations of G(Fq), and we will prove
this conjecture in the cases where the representation of G(Fq)
is a principal series representation, a generic representation, or a
unipotent representation.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
1.1. Let Fq be a ﬁnite ﬁeld of order q and whose characteristic is not equal to 2 or 3. Let F denote
the Frobenius automorphism which topologically generates the Galois group Gal(Fq/Fq).
Let G denote a split algebraic group of type D4 over Fq , that is, G is either the split orthogo-
nal group SO8, PSO8 or Spin8. It contains a split algebraic group G2 over Fq . Let G(Fq) and G2(Fq)
denote the Fq points of G and G2 respectively. In this paper we would like to investigate the G2(Fq)-
invariants of representations of G(Fq).
We will follow Planches [Bou] and denote the simple roots of type D4 as
α1 = ε1 − ε2, α2 = ε2 − ε3, α3 = ε3 − ε4, α4 = ε3 + ε4 (1)
and the fundamental weights as i for i = 1,2,3,4.
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2 H.Y. Loke / Journal of Algebra 321 (2009) 1–171.2. Our study is motivated by the study of complex algebraic groups. We have an embedding of
complex algebraic groups G2(C) ⊂ Spin8(C). The following proposition is a simple consequence of the
branching rules of the complex groups Spin8(C) ↓ Spin7(C) and Spin7(C) ↓ G2(C) [GS,McG].
Proposition 1.2.1. An irreducible ﬁnite-dimensional representation of Spin8(C) with highest weight n11 +
· · ·+n44 will contain a G2(C)-invariant vector if and only if n2 = 0. When this happens the space of invari-
ants is one-dimensional.
Let G be a group of type D4 as in Section 1.1 and let T ′ denote an F -stable maximal torus of G .
Motivated by Proposition 1.2.1, Dipendra Prasad considers the Deligne–Lusztig generalized characters
RT ′,θ of G(Fq). Let W be an irreducible representation of G(Fq) with character χ . We say that W is
an irreducible constituent of RT ′,θ if (RT ′,θ ,χ) = 0.
Choose a ﬁnite ﬁeld extension Fqn of Fq such that T ′(Fqn ) is a split maximal torus in G(Fqn ). Let
Nm : T ′(Fqn ) → T ′(Fq) denote the norm map which is deﬁned by
Nm(x) = xF (x)F 2(x) · · · Fn−1(x)
where F is the Frobenius element generating Gal(Fqn/Fq). Dipendra Prasad asked the following ques-
tion which we write as a conjecture.
Conjecture 1.2.2.
(i) Let W be an irreducible representation of G(Fq), then W G2(Fq) is at most one-dimensional.
(ii) Suppose T ′(Fqn ) is split. Then θ ◦ Nm is trivial on α∨(F∗qn ) for some coroot α∨ of T ′ if and only if
W G2(Fq) = 0 for some irreducible constituent W of RT ′(Fq),θ .
(iii) Let W be a generic representation of G(Fq), then W G2(Fq) = 0.
We recall that a generic representation or regular character is deﬁned as an irreducible component
of the Gelfand–Graev representation.
We refer to (ii) in the above conjecture. Suppose the character θ ◦ Nm of T ′(Fqn ) is in general
position with respect to the Weyl group W(T ′(Fqn )), that is, θ ◦ Nm is ﬁxed only by the identity
element in W(T ′(Fqn )). Then ±RT ′(Fq),θ is irreducible (see [Ca, p. 219]). One can show that part (ii) of
the above conjecture is equivalent to the following statement.
Conjecture (ii′) The character θ ◦Nm is in general position if and only if RT ′(Fq),θ does not have a constituent
containing a nonzero G2(Fq)-invariant vector.
The objective of this paper is to prove the above conjectures when W is a principal series repre-
sentation, a generic representation and a unipotent representation. We will describe our results below
in Section 1.3 to Section 1.5.
There are some additional partial results on G2(Fq)-invariants on representations of G(Fq). We
will state them in Section 7. Unfortunately the proofs are tedious so we will omit them.
1.3. Let T ′ denote an F -stable split maximal torus of G in an F -stable Borel subgroup B ′ . Then the
Deligne–Lusztig character RT ′,θ is the character of the principal series representation Ind
G(Fq)
B ′(Fq)θ .
Let Φ ′ (resp. (Φ ′)+) denote the root system (resp. positive root system) of G with respect to T ′
and B ′ . Let (Φ ′)∨ and ((Φ ′)+)∨ denote the corresponding coroots and the positive coroots of Φ ′
respectively. Let Φ∨s denote a coroot sub-system of Φ ′∨ of type A1 or A2. Each coroot α∨ in Φ∨s
induces a homomorphism α∨ : Gm → T ′ . We deﬁne T ′Φ∨s (Fq) to be the sub-torus of T
′(Fq) which is
generated by α∨(F∗q) for all α∨ ∈ Φ∨s . The following theorem was suggested by D. Prasad which we
will prove in Section 4. It implies Conjecture 1.2.2(ii) if T ′ is a split torus.
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tors in the induced representation Ind
G(Fq)
B ′(Fq)θ is equal to the number of coroot subsystems Φ
∨
s of type A1 or A2
such that θ is trivial on T ′
Φ∨s
(Fq).
Suppose G = SO8. Then we can identify T ′ = G4m where each Gm corresponds to εi (i =
1,2,3,4) in (1). The 12 positive coroots in (Φ ′)∨ give rise to 12 coroot subsystems Φ∨s of
type A1. We have T ′Φ∨s = {(x1, x2, x3, x4) ∈ T
′: xix j = 1} if the positive coroot is εi − ε j and T ′Φ∨s =
{(x1, x2, x3, x4): xix−1j = 1} if the positive root is εi + ε j .
One can check that there are 16 coroot subsystems Φs of type A2. In this case T ′Φ∨s ={(x1, x2, x3, x4): xix jxk = 1} if Φ∨s is generated by the positive coroots {εi − ε j, ε j − εk}, and
T ′Φs = {(x1, x2, x3, x4): xix jx−1k = 1} if Φs is generated by the positive coroots {εi − ε j, ε j + εk}, etc.
It is now clear that we can rewrite Theorem 1.3.1 in the following way.
Theorem 1.3.2. Suppose G = SO8 and T ′ = G4m is a split maximal torus. Let θ = χ1 ⊗ · · · ⊗ χ4 be a complex
character of T ′(Fq) = (F∗q)4 . Then the dimension of G2(Fq)-invariant vectors in IndSO8(Fq)B ′(Fq) θ is the sum of the
cardinalities of the following four sets:
{












(i, j,k): χi = χ j = χ−1k , i < j,k = i, j
}
where i, j,k are distinct integers in {1,2,3,4}.
1.4. Based on the calculations in Section 3, we will prove Conjecture 1.2.2(iii) in Section 5.
Theorem 1.4.1. Let W be a generic representation of G(Fq), then W G2(Fq) = 0.
1.5. In the last part of our paper, we will consider the G2(Fq)-invariants of a unipotent represen-
tation W of G(Fq).
We will explain our results. First we note that unipotent representations are deﬁned over the
adjoint group and they are independent of the covering group (see [Ca, p. 380]).
There are 14 irreducible unipotent representations of G(Fq). Unipotent characters are represented
by symbols and each symbol consists of 2 rows. We will write the two rows side by side and separate
them by a vertical line. We will follow the table in [GP, p. 284] and label the unipotent characters of
G(Fq) by χ1, . . . ,χ14. The symbols of χi are: (4 | 0), (3 | 1), (14 | 01), (2 | 2), (2 | 2), (23 | 01), (13 | 02),
(0123 |), (124 | 012), (12 | 12), (12 | 12), (123 | 013) and (1234 | 0123).
We will abuse notation and not differentiate between a representation and its character. Note that
χ1 is the trivial representation, χ2 is the reﬂection representation, χ9 is the unique cuspidal unipotent
representation and χ14 is the Steinberg representation.
Theorem 1.5.1. Let χi (i = 1, . . . ,14) denote the 14 irreducible unipotent representations of G(Fq) above.
Then the dimension of the G2(Fq)-invariant vectors in χi is one if i = 2,7,8,10,11,12,14. The remaining
χi ’s have no G2(Fq)-invariant vector.
In particular the cuspidal unipotent representation χ9 , the Steinberg representation χ14 and the reﬂection
representation χ2 do not have any G2(Fq)-invariant vector.
The proof is given in Section 6.2. Note that the above assertion about Steinberg representation χ14
follows from Theorem 1.4.1 since it is a generic representation.
The proofs rely heavily on Mackey formula on induced representation. A large portion of the paper
is devoted to ﬁnding G2(Fq)-orbits on G(Fq)/P ′(Fq) where P ′ is a parabolic subgroup of G .
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Cayley algebra and prove some simple properties. In Section 3 we compute the orbits and stabilizers
of the action of G2(Fq) on the ﬂag variety F(Fq) = SO8(Fq)/B ′(Fq) where B ′ is a Borel subgroup
of SO8. The proofs of Theorems 1.3.1, 1.4.1 and 1.5.1 are given in Sections 4, 5 and 6 respectively.
A related question is whether there are similar results for the split G2(Fq) in 3D4(Fq).
2. The subgroup G2(Fq) in SO8(Fq)
The split octonions. Let V (resp. V (Fq)) be a three-dimensional vector space over Fq (resp. over Fq)
with basis {ν2, ν3, ν4}. Let V ∗ be the dual Fq-space with dual basis {ν∗2 , ν∗3 , ν∗4 }. Deﬁne 〈v, v∗〉 =
v∗(v). Let det be the alternative cubic on V such that det(ν2, ν3, ν4) = 1. Deﬁne ∧ : V × V → V ∗ by
(u, v) → u ∧ v where u ∧ v is the unique vector in V ∗ such that
〈u ∧ v,w〉 = det(u, v,w)
for all w ∈ V . Similarly we deﬁne ∧ : V ∗ × V ∗ → V .
A split octonion algebra O(Fq) can be represented by the set of 2 by 2 matrices of the form (see
[OV], [Ja, p. 142]):






where a,d ∈ Fq , v ∈ V and v∗ ∈ V ∗ . The norm is NO(x) = ad − 〈v, v∗〉, trO(x) = 12 (a + d) and the










a1a2 + 〈v1, v∗2〉 a1v2 + d2v1 − v∗1 ∧ v∗2
a2v∗1 + d1v∗2 + v1 ∧ v2 d1d2 + 〈v∗1, v2〉
)
.
We abuse notation and denote
ν1 = (1,0;0,0), ν∗1 = (0,1;0,0),




where i = 2,3,4. We identify V and V ∗ as the span of {νi: i = 2,3,4} and {ν∗i : i = 2,3,4} in O(Fq)
respectively. Let T (Fq) be the standard two-dimensional torus in the standard Borel subgroup B0(Fq)
of SL(V ) stabilizing the ﬂag Fqν2 ⊂ Fqν2 + Fqν3.
Let G2(Fq) be the group of algebra automorphisms on O(Fq). It contains SL(V ) via the action
g : (a,d; v, v∗) → (a,d; g(v), tg−1(v∗)), g ∈ SL(V ).
Hence the maximal split torus T (Fq) of SL(V ) is also a maximal split torus of G2(Fq). For u ∈ V and








a− 〈u, v∗〉 v + ((a − b) − 〈u, v∗〉)u










a + 〈v,u∗〉 v − u∗ ∧ v∗
v∗ + ((b − a) − 〈v,u∗〉)u∗ b − 〈v,u∗〉
)
. (3)
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Remark. The above deﬁnitions also deﬁne algebraic set O and algebraic groups G2, SL(V ), B0 and T
over Fq . We will continue to deﬁne other algebraic sets and algebraic groups below by identifying
them with their Fq-points. We will not repeat this remark every time we encounter one.
The root system of G2. Let Φ denote the roots of G2 with respect to the torus T . Then the long roots
of Φ will form the root system of SL(V ). We will choose a positive root system such that its highest
root α0 is also the highest root of SL(V ) with respect to the standard Borel subgroup B0. Let α and
β denote the short and the long simple roots respectively. Then α0 = 3α + 2β is the highest root. See
Fig. 1.
Let B denote the F -stable Borel subgroup B of G2 containing T which corresponds to the positive
root system. Note that B ∩ SL(V ) = B0.
Note that G2(Fq) acts on O(Fq) and, νi and ν∗i (i = 1,2,3,4) are weight vectors of T (Fq). Let
w(νi) and w(ν∗i ) denote their weights. Then w(νi) and w(ν
∗
i ) are roots of G2. For example w(ν
∗
3 ) = α,
w(ν2) = β + 2α and w(ν4) = −β − α. The operators Dtνi and Dtν∗i (t ∈ Fq) in (3) are the one param-
eter subgroups corresponding to the roots w(νi) and w(ν∗i ) respectively.
2.1. Subgroups of G2
For easy reference, we will list the subgroups that we will encounter later in this paper. Note that
these subgroups are deﬁned over Fq .
• T : The diagonal subgroup of SL(V ). It is also a maximal torus of G2.
• B0: The Borel subgroup of SL(V ) consisting of upper triangular matrices.
• Bi (i = 1,2,3): Bi := {(ars) ∈ B0: aii = 1}.
• P1 := {(aij) ∈ SL(V ): a21 = a31 = 0}.
• SLβ2 := {(aij) ∈ P1: a11 = 1, a12 = a13 = 0}. This is the SL2 in G2 which corresponds to the simple
root β .
• B = T  U : The Borel subgroup of G2 such that B ∩ SL(V ) = B0.
• Pβ : The standard maximal parabolic subgroups of G2 containing SLβ2 .• Uij : One parameter subgroups corresponding to the root iα + jβ . For example U21 = {Dtν2 :
t ∈ Fq} and U11 = {Dtν∗4 : t ∈ Fq}.• H0 := B0U11U21.
2.2. Let F be the ﬂag variety consisting of ﬂags of isotropic subspaces V1  V2  V3  V4 in
(O(Fq),NO(·)) where dim Vi = i. To ease notations, (v1; v2; v3; v4) will denote the ﬂag where Vi is
spanned by {v j: 1 j  i}. Likewise (v1; v2, v3; v4) will denote V1  V3  V4, etc. We would identify
F(Fq) to be subset of ﬂags of isotropic subspaces V1  V2  V3  V4 in O(Fq).
We will deﬁne SO8 and its subgroups. These groups are deﬁned over Fq .
• SO8: The special orthogonal group on (O,NO(·)). It acts on F .
• V iso: The Fq-span of {ν1, ν2, ν3, ν4} in O(Fq). It is a maximal isotropic subspace. We will identify
V ∗iso as the Fq-span of {ν∗1 , ν∗2 , ν∗3 , ν∗4 }. The decomposition O(Fq) = V iso ⊕ V ∗iso deﬁnes a subgroup
GL(V iso) = GL4 in SO8.
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• B ′b: The stabilizer of the ﬂag E0 = (ν1;ν2;ν3;ν4) in SO8. It is a Borel subgroup containing T ′b .
• (Φ ′)+: The positive root system of SO8 with respect to (T ′b, B ′b).• P ′i1...is,b: The parabolic subgroup of SO8 such that the simple roots αi1 , . . . , αis span the Dynkin
diagram of its Levi subgroup. For example P ′123,b is the parabolic subgroup with Levi subgroup
GL(V iso). We will omit the subscript b if there is no fear of confusion.
• PSO8 = SO8/±1: and let prba : SO8 → PSO8 denote the canonical map.
2.3. We refer to the deﬁnition of Spin8 in [Ja] using the principle of triality. It is the nontrivial
double cover of SO8 deﬁned over Fq . Let prcb : Spin8 → SO8 denote the covering map. We deﬁne
T ′c := pr−1cb (T ′b), B ′c := pr−1cb (B ′b), P ′123,c := pr−1cb (P ′123,b), etc.
We need the following facts which are easy consequences of the construction of Spin8. The con-
struction gives a natural outer automorphism action of the permutation group S3 on Spin8. The
subgroup in Spin8 consisting of elements ﬁxed by S3 maps bijectively under prcb onto G2 ⊂ SO8.
We will continue to denote this subgroup in Spin8 by G2.
The positive root system (Φ ′)+ of T ′b is compatible with T
′
c . However we note that both T
′
c and
(Φ ′)+ are not invariant under the action of S3 mention above. We have chosen T ′c instead of an S3-
invariant torus because it is easy to deﬁne and compute. Nevertheless, there is an outer automorphism
group S3 acting on (Φ ′)+ . This will induce an outer automorphism group S3 acting on Spin8 and T ′c
is S3-invariant. In this paper, S3 will refer to this second deﬁnition.
2.4. Let P ′c (resp. P ′b) be a parabolic subgroup of Spin8 (resp. SO8) such that prcb P
′
c = P ′b . By a








)F = (SO8(Fq)/P ′b(Fq))F = SO8(Fq)/P ′b(Fq). (4)
The above equation will allow us to pass between SO8 and Spin8.
Let Q (resp. Q(Fq)) be the quadric in PO(Fq) (resp. PO(Fq)) consisting of nonzero isotropic vec-
tors. Then the parabolic subgroup P ′234 is the stabilizer of P(Fqν1). Let F4 (resp. F4(Fq)) denote the
set of maximal isotropic subspaces in PO(Fq) (resp. PO(Fq)).
Lemma 2.4.1.We have the following isomorphism of SO8(Fq)-spaces:
(i) F(Fq)  SO8(Fq)/B ′(Fq),
(ii) Q(Fq)  SO8(Fq)/P ′234(Fq),
(iii) F4(Fq)  SO8(Fq)/P ′123(Fq),
(iv) SO8(Fq)/P ′123(Fq)  SO8(Fq)/P ′124(Fq)  SO8(Fq)/P ′234(Fq).
Proof. For (i), (ii) and (iii), it suﬃces to show that SO8(Fq) acts transitively on F(Fq), Q(Fq) and
F4(Fq). This follows from Witt’s Theorem. For (iv) we ﬁrst note that the S3 outer automorphism






234,c (see Section 2.3).
Now (iv) is a consequence of (4). 
Lemma 2.4.2. There are two orbits of G2(Fq) on Q(Fq), namely
O1(Fq) = P
{





x ∈ Q(Fq): trO(x) = 0
}
.
(i) Passing to Fq, the orbit O1(Fq) is Zariski dense in PO(Fq). A representative of O(Fq) is ν1 and its stabi-
lizer in G2(Fq) is SL(V (Fq)) = SL3(Fq).
(ii) A representative of O2(Fq) is ν2 and its stabilizer in G2(Fq) is the maximal parabolic subgroup Pβ(Fq).
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composition subalgebra of O(Fq). This subalgebra splits so it is isomorphic to the diagonal elements
in (2). The isomorphism extends to an isomorphism of O(Fq) and hence we may assume that x =
ν1 = (1,0;0,0).
Next if trO(x) = 0, then by the action of SL(V (Fq)) we may assume that x = (0,0;ν2, v) where
〈ν2, v〉 = 0. The action of D−v∗ and SL(V (Fq)) shows that it is in the same orbit as (0,0;ν2,0). It is
well known that the stabilizer of ν2 is Pβ(Fq). This proves (ii).
Let H denote the stabilizer of ν1 in G2(Fq). Clearly H ⊇ SL(V (Fq)). Let h ∈ H . There exists s ∈
SL(V (Fq)) such that g := hs ﬁxes 1, ν1 and ν2, and g(ν3) = kν3 for some nonzero k ∈ Fq .
−1 = 〈ν1 ∧ ν2, ν3〉 = −〈gν1 ∧ gν2, gν3〉 = 〈ν1 ∧ ν2,kν3〉 = −k.
This shows that g ﬁxes 1 and V (Fq) pointwise. Since 1 and V (Fq) generate O(Fq), g = hs = 1 and
h = s−1 ∈ SL(V (Fq)). 
Let V4,2(Fq) be the Fq-subspace of O(Fq) spanned by {ν∗1 , ν2, ν∗3 , ν∗4 }.
Lemma 2.4.3.
(i) There are two orbits of G2(Fq) on the set of maximal isotropic subspaces F4(Fq), namely
O4,1(Fq) =
{





V4 ∈ F4(Fq): V4 is closed under multiplication
}
.
(ii) The orbit O4,1 is an open dense set in F4 . A representative of O4,1(Fq) is V iso(Fq) (cf. Section2.2) and its
stabilizer in G2(Fq) is SL(V (Fq)).
(iii) A representative of O4,2(Fq) is V4,2(Fq) and its stabilizer in G2(Fq) is the maximal parabolic subgroup
Pβ(Fq).
Proof. Note that an orbit is open in its closure [Ca, p. 12]. By Lemmas 2.4.1 and 2.4.2 there are exactly
two orbits of G2(Fq) on F(Fq) and passing to Fq , one of them is Zariski open. The two sets in (i) are
distinct and G2(Fq)-invariant so they must be orbits. Clearly O4,2 is Zariski closed so O4,1 is Zariski
dense. The rest of the lemma now follows from Lemma 2.4.2. 
3. G2(Fq)-orbits on the ﬂag variety
3.1. In this section, we will compute the orbits of G2(Fq) on the ﬂag variety F(Fq). The main
result is the following theorem.
Theorem 3.1.1. There are 28 orbits of G2(Fq) on F(Fq).
The orbits are tabulated in Tables 1 to 5 below in Section 3.2. We will describe how to read the
tables in Section 3.2. In Section 3.4 we calculate the action of S3 on the G2(Fq)-orbits. The rest of
this section is a tedious case by case veriﬁcation of the tables. Readers can proceed to Section 4 after
Section 3.4 without lost of continuity.
3.2. All the orbits of G2(Fq) on F(Fq) are labeled as Sij (1 i  j  4) and O 1, . . . , O 18 in Tables 1
to 5 below. Let ε±i j := εi ± ε j denote the coroot of D4.
In Table 2 O 8, B
(12)
2 (Fq) = {(aij) ∈ B2(Fq): a12 = 0} and in Table 4 O 13, U3 := {Dtν2D−tν∗4 : t ∈ Fq}.
The second column of each table gives a representative E (a ﬂag) in each orbit. We refer to Sec-
tion 2.2 for the notations of a ﬂag. The group G2 acts on F and the third column gives its stabilizer
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E ZE Coroots
S44 (ν2;ν3;ν4 | ν1) B0 ε−12, ε−23
S33 (ν2;ν3;ν1;ν4) B0 ε−12, ε−24
S22 (ν2;ν1;ν3;ν4) B0 ε−13, ε−34
S11 (ν1 | ν2;ν3;ν4) B0 ε−23, ε−34
S34 (ν2;ν3;ν1 + ν4 | ν1) B3 ε−12
S24 (ν2;ν1 + ν3;ν4 | ν1) {(aij) ∈ B2: a23 = 0} ε−13
S14 (ν1 + ν2 | ν3;ν4 | ν1) {(aij) ∈ B2: a12 = a13 = 0} ε−23
S23 (ν2;ν1 + ν3;ν1;ν4) B2 ε−14
S13 (ν1 + ν2;ν3;ν1;ν4) {(aij) ∈ B1: a12 = 0} ε−24
S12 (ν1 + ν2;ν1;ν3;ν4) B1 ε−34
Table 2
E ZE Coroots
O 4 (ν∗1 | ν2;ν∗4 ;ν∗3 ) B0 ε+23, ε−34
O 5 (ν∗1 | ν∗4 ;ν2;ν∗3 ) B0 ε−23, ε−34
O 6 (ν∗1 | ν∗4 ;ν∗3 | ν2) B0 ε−23, ε+34
O 7 (ν∗1 | ν2 + ν∗4 ;ν2;ν∗3 ) B2 ε+23
O 8 (ν∗1 | ν2 + ν∗4 ;ν∗3 | ν2) B(12)2 ε+24
O 9 (ν∗1 | ν∗3 ;ν2 + ν∗4 | ν2) B2 ε+34
Table 3
E ZE Coroots
O 1 (ν2;ν∗4 ;ν∗3 ;ν∗1 ) B ε+12, ε−23
O 2 (ν∗4 ;ν2;ν∗3 ;ν∗1 ) H0 ε+12, ε+23
O 3 (ν∗4 ;ν∗3 ;ν2;ν∗1 ) B0U21 ε−12, ε+23
Table 4
E ZE Coroots
O 10 (ν2;ν∗1 ;ν∗4 ;ν∗3 ) B0U21 ε+13, ε−34
O 11 (ν∗4 ;ν∗1 ;ν2;ν∗3 ) B0U11 ε+13, ε+34
O 12 (ν∗4 ;ν∗1 ;ν∗3 | ν2) B0 ε−13, ε+34
O 13 (ν2 + ν∗4 ;ν∗1 ;ν2;ν∗3 ) = (ν2 + ν∗4 ;ν∗1 ;ν∗4 ;ν∗3 ) B2U3 ε+13
O 14 (ν2 + ν∗4 ;ν∗1 ;ν∗3 | ν2) B2 ε+14
Table 5
E ZE Coroots
O 15 (ν2;ν∗4 ;ν∗1 ;ν∗3 ) H0 ε+12, ε−24
O 16 (ν∗4 ;ν2;ν∗1 ;ν∗3 ) H0 ε+12, ε+24
O 17 (ν∗4 ;ν∗3 ;ν∗1 | ν2) B0 ε−12, ε+24
O 18 (ν2 + ν∗4 ;ν2;ν∗1 ;ν∗3 ) B2U11U21 ε+12
ZE of E . It is a closed algebraic subgroup of G2 (see [Bo, p. 52]). We refer to Section 2.1 for the
deﬁnitions of subgroups of G2 appearing there.
We have introduced some additional notations. For example in Table 1 next to S14, (v1; v2 | v3; v4)
means that ZE (Fq) stabilizes the direct sum (v1; v2) ⊕ (v3; v4).
The tables are computed with G2 ⊂ G = SO8 in mind. Suppose G = Spin8 or PSO8. Then G2 embeds
into G and its action on F ﬁlters through the action of SO8. Therefore the G2(Fq)-orbits and the
stabilizers ZE (Fq) are the same for both G(Fq) and SO8(Fq). In other words the column in the tables
under ZE are valid for G2 in G too.
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Borel subgroups of G which are the stabilizers of the ﬂags E and E0 in F(Fq) respectively. Then
ZE = G2 ∩ B ′E . Since B ′E is a split solvable linear algebraic group, ZE is also one. From the tables we
observe the following fact.
Lemma 3.2.1. The algebraic group ZE is connected.
Using the above lemma and Theorem 10.6(4) in [Bo], we can decompose ZE = T E  UE over Fq
where T E is a torus and UE is a unipotent subgroup.
There exists s ∈ G(Fq) such that s−1B ′E s = B ′0 and B ′0 clearly contains s−1 ZE s. We may further
assume that
s−1T E s ⊂ T ′0 and s−1UE s ⊂ U ′0. (5)
Lemma 3.2.2. The subtorus s−1T E s of T ′0 is generated by coroots.
Proof. If G = SO8, then it follows from the description of ZE in Tables 1 to 5. If G = SO8, then it
covers SO8 or it is covered by SO8. However s−1T E s ⊂ s−1G2s is bijective under the covering maps
prcb and prba (see Sections 2.2 and 2.3). This reduces the lemma to the case G = SO8. 
Let (Φ ′)∨ denote the coroots of Φ ′ . By the above lemma, we set
Φ∨s :=
{
α∨ ∈ (Φ ′)∨: α∨(Gm) ⊆ s−1T E s
}
and we deﬁne T ′
Φ∨s
:= s−1T E s. Note that this agrees with the deﬁnition of T ′Φ∨s in Section 1.3.
Now we can describe the last column of Tables 1 to 5. It gives roots that generate Φ∨s . There
ε±i j denotes the coroot εi ± ε j . We observe that the coroots in Tables 1 to 5 generate all the coroot
subsystems of type A1 and A2 in Φ ′ .
3.3. From the tables, the orbits and stabilizers are compatible with base change so they also rep-
resent orbits and stabilizers of G2(Fq) on F(Fq).
Corollary 3.3.1. Orbit S14(Fq) is the (unique) Zariski dense orbit in F(Fq).
Proof. From Tables 1 to 5, the dimension of ZE is at least 2 and it is 2 if and only if the orbit is S14
in Table 1. Since F is connected, the corollary follows. 
3.4. We recall Section 2.3 that the action of S3 on the ﬂag variety F commutes with that of G2.
Therefore it permutes the G2(Fq)-orbits on F(Fq).
Lemma 3.4.1. The following are orbits of S3 acting on the 28 orbits in Tables 1 to 5.
{O 18}, {S14}, {O 13}, {S34, S12, O 9}, {S24, S13, O 8}, {S23, O 7, O 14}, {O 1},
{S44, S11, O 6}, {S33, O 4, O 12}, {S22, O 5, O 17}, {O 2, O 15, O 16}, {O 3, O 10, O 11}.
We will prove this lemma together with Tables 1 to 5 below.
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From the above discussions, it is enough to assume that G = SO8. Let E = (v1; v2; v3; v4) = (V1 
V2  V3  V4) be an isotropic ﬂag over Fq . Let Vi,0 be the trace zero elements in Vi and let V0,0 = 0.
Clearly G2(Fq) must stabilize the ﬂag (V1,0 ⊆ V2,0 ⊆ V3,0 ⊆ V4,0). We may assume that trO(vi) = 1
for some i = 1,2,3,4 and trO(vk) = 0 for k = i.
By Lemma 2.4.3 we divide into two main cases, namely (Case 1) V4 = V iso and (Case 2) V4 = V4,2.
Next we will move v1, v2, v3, v4 to some standard vectors via the action of the stabilizer of V4.
Finally we show that the ﬂags lie in distinct G2(Fq)-orbits.
3.6. Case 1: V4 = V iso. By Lemma 2.4.3(ii), ZE ⊂ SL(V ) so ZE ﬁxes the vector ν1. We denote the
following situation by Sij (1 i  j  4):
• The subspace Vi is not perpendicular to 1 but Vi−1 is.
• The subspace V j contains ν1 but not V j−1.
Clearly the ﬂags E in Sij give rise to distinct SL(V )-orbits. Hence they also give rise to distinct
G2(Fq)-orbits.
Let E = (v1; v2; v3; v4) be a ﬂag in Sij . We may assume that trO(vi) = 1 and trO(vk) = 0 for k = i.
Then it is always possible to apply the action of SL(V ) to the ﬂag E so that vi is either ν1 or ν1 + ν2
and vk ∈ {ν2, ν3, ν4} for k = i. This shows that Sij exhausts all G2(Fq)-orbits for Case 1.
The orbits Sij are listed in Table 1. Since the stabilizer ZE (Fq) lies in SL(V ), they are straightfor-
ward to compute and we will omit the details.
3.7. Case 2: V4 = V4,2. Next we consider the case E = (v1; v2; v3; v4) = (V1  V2  V3  V4)
where V4 = V4,2. By Lemma 2.4.3(iii), ZE (Fq) is contained in Pβ(Fq) so it ﬁxes the ﬂag (ν2;ν∗3 , ν∗4 ;ν∗1 )
(see Section 2.2).
Lemma 3.7.1. Suppose E = (v1; v2; v3; v4) is a ﬂag such that V4 = V4,2 as deﬁned in Lemma 2.4.3(iii), then
up to an action of Pβ(Fq), {v1, v2, v3, v4} is a permutation of either one of the following sets:
(i) {ν∗1 , ν2, ν∗3 , ν∗4 } and if vi = ν∗4 , v j = ν∗3 , then i < j.
(ii) {ν∗1 , ν2, ν2 + ν∗4 , ν∗3 } and if vi = ν2 + ν∗4 , v j = ν2 , vk = ν1 , vl = ν∗3 , then i < j and k < l.
Furthermore {(aij) ∈ B0: a22 = 1,a12 = a21 = 0} ﬁxes the ﬂag E.
Proof (Sketch). By Section 3.5 we may assume that trO(vi) = 1 and the other vk ’s have trace zero.
Note that Dtν2 , Dtν∗3 and Dtν∗4 (t ∈ Fq) stabilizes V4,2. It is possible to send vi to ν∗1 via a combination
of the actions of the above three operators. Now (i) follows from the action of Pβ(Fq)∩SL(V (Fq)) (see
Section 2.1). Next we prove (ii). If i  j, then we may replace ν2 + ν∗4 by ν∗4 and we are back to (i).
Suppose i < j and k > l. Note that D−ν∗3 ﬁxes ν
∗
3 and ν2, but D−ν∗3 (ν2 + ν∗4 ) = ν∗4 and D−ν∗3 (ν∗1 ) =
ν∗1 − ν∗3 . Hence the action of D−ν∗3 will move the ﬂag into the form given in (i). 
In Table 2 (resp. 3, 4 and 5) we list all the possible ﬂags given in Lemma 3.7.1 such that v1 = ν1
(resp. v4 = ν∗1 , v2 = ν∗1 and v3 = ν∗1 ). There are a total of 18 ﬂags.
We remark that up to this point, we have shown that Tables 1 to 5 are exhaustive, that is, there are
at most 28 orbits of G2(Fq). Two orbits from different tables cannot be the same by the consideration
of V4 and the trace zero vectors in the ﬂag E .
We will verify Table 2. First note that ZE ﬁxes ν∗1 and V4,2. Hence ZE is a subgroup of P1 :=
SL(V ) ∩ Pβ . It is easy to compute ZE since it lies within SL(V ) so we will omit the calculations.
Likewise it is easy to see that the ﬂags generate distinct orbits of P1(Fq) so the G2(Fq)-orbits are
distinct.
We will consider Tables 3, 4 and 5. Note that ZE ⊂ Pβ . It is clear that the Borel subgroup B of G2
is the stabilizer of E in O 1.
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give a sketch.
First we note the following facts for every orbit in Tables 3, 4 and 5 except O 1. We will leave the
veriﬁcations to the reader.
(A) By multiplying various Vi and Vi,0 and computing the dimensions, we show that the orbits in
Tables 2 to 5 are distinct.
(B) Let us temporarily denote the subgroup listed under the column ZE as Z tE . Then Z
t
E stabilizers E ,
that is Z tE ⊆ ZE .
(C) The last column of the tables are correct provided Z tE = ZE .
(D) The group ZE stabilizes P(Fqν∗4 ). Let sα be the simple reﬂection corresponding to the short simple
root α of G2. The stabilizer of P(ν∗4 ) is sα(Pβ) so ZE ⊆ Pβ ∩ sα(Pβ). By Theorem 2.8.7(i) of [Ca],
we have
ZE ⊆ Pβ ∩ sα(Pβ) = B0U11U21 = H0. (6)
This equation is crucial in determining ZE .
(E) Let Z0E denote the connected component of ZE . Then Z
0
E = T 0EU0E has a Jordan decomposition.
From the last assertion of Lemma 3.7.1, the dimension of T 0E is either one or two. We claim that
T 0E = T tE .
3.8. We will digress to prove Lemma 3.4.1.
Proof of Lemma 3.4.1. The following are the orbits of S3 acting on the positive roots Φ ′ .
{ε1 + ε2}, {ε2 − ε3}, {ε1 + ε3}, {ε1 − ε2, ε3 − ε4, ε3 + ε4},
{ε1 − ε3, ε2 − ε4, ε2 + ε4}, {ε1 − ε4, ε2 + ε3, ε1 + ε4}. (7)
Let G = Spin8 and let E denote a ﬂag in the Tables 1 to 5. We retain the notations in (5). Let
σ ∈ S3. We have σ(sT 0E s−1) = σ(s)T 0σ(E)(σ (s))−1 ⊂ σ(T ′′) = T ′c . If we write sT 0E s−1 in terms of the
coroots of T ′c , then acting σ on these coroots will give the corresponding coroots for σ(E). The coroots
are given in the last columns of Tables 1 to 5. By matching this information with (7), we can identify
all the orbits of S3 on the G2(Fq)-orbits. 
We remark that if one orbit is obtained from the other by the S3 action, then their stabilizers
ZE are isomorphic as groups. Therefore we only need to verify ZE for one G2(Fq)-orbit within each
S3-orbit. With this consideration in mind, it remains to verify Z tE ⊇ ZE for the 4 orbits: O 18, O 13, O 2
and O 3. For O 2, it is easy because Z tE = H0 ⊇ ZE by (6). We will leave the proofs of the remaining
three cases to the imagination of the reader.
4. G2(Fq)-invariants
4.1. In this section we will compute the dimensions of G2(Fq)-invariants in representations of
G(Fq) induced from a Borel subgroup.
Before doing this we need some notations. Let B ′ = T ′U ′ be an F -stable Borel subgroup of G
stabilizing E0 = (ν1;ν2;ν3;ν4) ∈ F(Fq). Let θ be a character of T ′(Fq) extended trivially to U ′(Fq).
If H is a subgroup of B ′(Fq) and s ∈ G(Fq), we will denote sH = sHs−1 and Hs = s−1Hs. Let sθ
denote the character sθ(g) = θ(s−1gs) on sH . Note that stθ = s(tθ). We will denote the restriction of
θ to H by θH .
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〈θZ sE (Fq),1Z sE (Fq)〉Z sE (Fq). (8)
Here the sum (s, E) is taken over all the G2(Fq)-orbits on G(Fq)/B ′(Fq) = F(Fq) where s ∈ G(Fq) and
E = sE0 is a representative ﬂag on each orbit.
If θ is the trivial character, then (8) is the number of G2(Fq)-orbits on F(Fq).







〈θT sE (Fq),1T sE (Fq)〉T sE (Fq).
Therefore the dimension of G2(Fq)-invariants is the number of ﬂags E such that θ is trivial on T sE (Fq).
These are given in the last columns of Tables 1 to 5 and the proof is complete.
5. Generic representations
5.1. In this section we prove Theorem 1.4.1.
Let G be as before and let U ′ be a maximal unipotent subgroup of G . It is known that NG(U ′) is
a Borel subgroup of G (see [DM, p. 42]). Hence every maximal unipotent subgroup U is contained
in a unique Borel subgroup and there is a one to one correspondence between F(Fq) and the set
of G(Fq)-conjugates of U (Fq). It is also known that there is a one to one correspondence between
F(Fq) and the set of G(Fq)-conjugates of F -stable U ′ .
Set U ′ = U ′0 be the maximal unipotent subgroup of the Borel B ′0 in Section 3.2.1. Let U ′∗ = [U ′0,U ′0]
and let U ′αi be the one-parameter subgroup of G corresponding to the simple root αi in (1). We have
U ′0 = (
∏4
i=1 U ′αi ) U
′∗ . Let θ0 denote a character on U ′0(Fq)/U ′∗(Fq) and it is called nondegenerate if it
is nontrivial on U ′αi for i = 1,2,3,4 (see [Ca, p. 253]).
Suppose θ0 is nondegenerate. In order to prove Theorem 1.4.1 we need to show that the Gelfand–
























where the sum is taken over s ∈ G2(Fq) \ G(Fq)/U ′(Fq) and Us = G2 ∩ (sU ′0). See Section 4.1 for the






〈sθ0,1Us(Fq)〉Us(Fq) = 0. (9)













{(tθ0,GsE2 (Fq) ∩ U ′0(Fq))}
where sE ∈ G(Fq) such that sE E0 = E .
By Lemma 3.2.1, G2 ∩ sE U ′0 ⊆ ZE = T EUE . In order to prove (9), we need to show that tθ0 is
nontrivial on UsEE (Fq) in U
′
0(Fq) (see (5)). We note that
tθ0 is also a nondegenerate character on U ′0
so it is enough to show the following statement.
(*) Let E be a ﬂag in Tables 1 to 5, then UE (Fq) contains (sE U ′αi )(Fq) for some 1 i  4.
Before proving (*), we make some simpliﬁcations. First we claim that if (*) is true when G is any
one of the three groups Spin8, SO8, PSO8, then it is also true for the other two. Indeed the covering




We may now assume that G = Spin8. Our second claim is that it is enough to prove (*) for one
G2(Fq)-orbit in every S3-orbit given in Lemma 3.4.1. Indeed if (*) is true for one G2(Fq)-orbit O(Fq)
in Tables 1 to 5, then it is also true for σ(O(Fq)) for all σ ∈ S3. This proves our claim.
5.3. Proof of Theorem 1.4.1
By the ﬁrst claim above, we will assume that G = SO8. Let E = (v1; v2; v3; v4) be a ﬂag in Tables 1
to 5.
Let i = 1,2,3 so that αi = εi − εi+1. Suppose H = {ht ∈ SO8(Fq): t ∈ Fq} is a subgroup of SO8(Fq)
such that (ht − 1)(vi+1) = tvi and ht(v j) = v j if j = i + 1. Then clearly H = (sE U ′αi )(Fq). If we can
ﬁnd such a subgroup H in ZE (Fq), then (*) will hold. We will divide into 3 cases.
Case 1: Set U0 := {(aij) ∈ SL(V ) = SL3: aii = 1, aij = 0 if i > j}. For the orbits S44, S33, S23, S24, S34,
we set H = {(aij) ∈ U0(Fq): a13 = a23 = 0} ⊂ ZE (Fq). In these cases, we check that H has the required
property.
Case 2: For the orbits O 3, O 17, S14, O 1, O 13, we set H = {(aij) ∈ U0(Fq): a12 = a13 = 0} ⊂ ZE (Fq). Let
h = (aij) ∈ H , then h ﬁxes ν2, ν3, ν∗1 , ν∗4 and (h− 1)ν4 = a23ν3, (h− 1)ν∗3 = −a23ν∗4 . In these cases, we
check that H has the required property.
Case 3: For O 16 and O 18, we set H = U21(Fq) = {ht = Dtν2 : t ∈ Fq} in H0(Fq) (cf. (3)). Then ht ﬁxes
ν∗3 , ν∗4 , ν2 and (ht − 1)(ν∗1 ) = −tν2, (ht − 1)(ν3) = tν∗4 . Hence H has the required property.
By the action of S3, (*) holds for the rest of the orbits in Tables 1 to 5 and this proves Theo-
rem 1.4.1.
6. Proof of Theorem 1.5.1
6.1. Our main objective is to prove Theorem 1.5.1. We recall the labeling of the unipotent characters
χi in Section 1.5 where i = 1, . . . ,14, and we set ai := dimχG2(Fq)i .
We will set up some notations and brieﬂy describe our method of proof.
Let IGP ′ := Ind
G(Fq)
P ′(Fq)1 where P
′ is a parabolic subgroup of G . We will write IGP ′ as a linear combi-
nation of the irreducible χi ’s. By Mackey’s formula, the dimension of G2(Fq)-invariants in IGP ′ is the
same as the number of G2(Fq)-orbits on G(Fq)/P ′(Fq). We will calculate the latter and deduce all
but four ai ’s. For the remaining ai ’s, we uses a class function f and the character table in [GP]. We
thank the ﬁrst referee for pointing out f to us.
14 H.Y. Loke / Journal of Algebra 321 (2009) 1–17The outer automorphism group S3 permutes the sets of three characters {χ3,χ4,χ5} and
{χ10,χ11,χ12}. One can verify this using the character table of [GP]. Hence
a3 = a4 = a5, a10 = a11 = a12. (10)
Let [z1, . . . , z14] where zi ∈ Z denote the virtual character ∑14i=1 ziχi . Recall Section 2.2 that P ′i1,...,is
denote the parabolic subgroup of G whose Levi subgroup corresponds to the simple roots αi1 , . . . ,αis .
Lemma 6.1.1.
(i) IGB ′ = [1,4,3,3,3,2,8,6,0,3,3,3,4,1].
(ii) IG
P ′i










(vi) IGP234 = [1,1,0,1,0,0,0,0,0,0,0,0,0,0].
The rest of the IGP ′ ’s could be obtained from the action of S3 .
We remark that (vi) was ﬁrst communicated to me by N. Sanat.
Proof. (i) See the table in [GP, p. 300].
Let St2 denote the Steinberg representation of GL2(Fq) with trivial central character. We recall the
following fact about the Deligne–Lusztig characters of GL2(Fq):
RTs,1 = 1+ St2, RTn,1 = 1− St2 (11)
where Ts is the split torus and Tn is the maximal anisotropic torus of GL2. Set J = IndG(Fq)P ′1(Fq)St2 and
(11) gives
IGB ′ = IGP ′1 + J and RTw2 ,1 = I
G
P ′1
− J . (12)
From the same table in [GP], RTw2 ,1 = [1,2,13,03,−13,−2,−1] and putting this and part (i) into
(12) gives (ii) and J = [0,15,4,3,23,3,1].
The rest of the lemma is a case by case consideration based on the table in [GP] and the following
facts:
(1) The representation IGP ′ always contains χ1 and the reﬂection representation χ2.
(2) If P ′ ⊂ P ′′ , then IGP ′ ⊃ IGP ′′ .
(3) 〈IGP ′ , IGP ′′ 〉 is the number of double cosets of the Weyl group of G with respect to the Weyl groups
of the Levi subgroups of P ′ and P ′′ .
(4) If up to conjugation by G(Fq), T ′ is not an F -stable maximal torus in P ′ , then 〈RT ′,1, IGP ′ 〉 = 0 [Ca,
p. 230].
We will illustrate with a proof of (vi). By (3) above IG
P ′234
has 3 irreducible components. We check
that dim IG
P ′234
= (q3 +1)(q3 +q2 +q+1). Using the character table in [GP] and (1) above, a dimension
count shows that IG
P ′234
= χ1 + χ2 + χi where i = 3,4 or 5. Since S3 acts on {χ3,χ4,χ5} and the
maximal parabolic subgroups, the character table says that i = 4. This proves (iv).
We will leave the rest of the lemma to the reader. 
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Sij E O i E
S44 (ν2, ν3;ν4;ν1) O 1, O 2 (ν2, ν∗3 ;ν∗4 ;ν∗1 )
S33 (ν2, ν3;ν1;ν4) O 3 (ν∗4 , ν∗3 ;ν2;ν∗1 )
S34 (ν3, ν4;ν1 + ν2;ν1) O 15, O 16, O 18 (ν2;ν∗4 , ν∗1 ;ν∗3 )
S24, S14 (ν3, ν1 + ν2;ν4;ν1) O 17 (ν∗4 , ν∗3 ;ν∗1 ;ν2)
S23, S13 (ν3, ν1 + ν2;ν1;ν4) O 10 (ν2;ν∗1 ;ν∗4 ;ν∗3 )
S22, S12, S11 (ν1, ν2;ν3;ν4) O 11 (ν∗4 ;ν∗1 ;ν2;ν∗3 )
O 12 (ν∗4 ;ν∗1 ;ν∗3 ;ν2)
O 13 (ν2 + ν∗4 ;ν∗1 ;ν2;ν∗3 )
O 14 (ν2 + ν∗4 ;ν∗1 ;ν∗3 ;ν2)
Lemma 6.1.2. There are 15 orbits (resp. 6 orbits) of G2(Fq) on G(Fq)/P ′1(Fq) (resp. G(Fq)/P ′12(Fq)).
Proof. The G2(Fq)-orbits on G(Fq)/P ′1(Fq) are in one to one correspondence with isotropic ﬂags E =
(V2  V3  V4) in O(Fq). We calculate this by ‘collapsing’ the ﬂags in the Tables 1 to 5 from (V1 
V2  V3  V4) to (V2  V3  V4). We list them in Table 6 below (see Section 2.2 for notations)
where the ﬁrst and third columns denote the G2(Fq)-orbits on F(Fq) whose ﬂags were collapsed.
The second and fourth columns denote a representative ﬂag of each orbit.
Similarly the G2(Fq)-orbits on G(Fq)/P ′12(Fq) are in one to one correspondence with isotropic
ﬂags E = (V3  V4) in O(Fq). We calculate this by further collapsing the ﬂags in Tables 6 from
(V2  V3  V4) to (V3  V4). We will leave the details to the reader. 
6.2. Proof of Theorem 1.5.1
We denote the dimension of G2(Fq)-invariants in IGP ′ by i
G
P ′ . It is equal to the number of orbits of
G2(Fq) on G(Fq)/P ′(Fq).
By Lemma 2.4.2, iG
P ′234
= 2 = 1+ a2 + a4 so a2 + a4 = 1.
By Theorem 3.1.1 and Lemma 6.1.2, we have iGB ′ = 28, iGP ′1 = 15 and i
G
P ′12
= 6 respectively. Putting
them into Lemma 6.1.1 and by (10) we get
iGB ′ = 28 = 1+ 4a2 + 9a3 + 2a6 + 8a7 + 6a8 + 9a10 + 4a13,
iGP ′1
= 15 = 1+ 3a2 + 6a3 + a6 + 4a7 + 3a8 + 3a10 + a13,
iGP ′12
= 6 = 1+ 2a2 + 3a3 + a7 + a8.
Solving these equations and noting that ai is a nonnegative integer give
a3 = a4 = a5 = a13 = 1, a2 = a10 = a11 = a12 = 0,
a6 + a7 = 1, a7 + a8 = 2. (13)
Note that by considering IGP ′ and i
G
P ′ for some other parabolic subgroups not used in the above
proof will not improve (13). This is because in Lemma 6.1.1, the multiplicity of χ7 in IGP ′ is always
equal to the sum of the multiplicities of χ6 and χ8.
In order to determine a6 to a9, we need to study the character table in [GP] carefully. We will also
use the notations there freely below.
First we make a simple observation. Let s be a semisimple element in G2(Fq). Then we may
assume that s ∈ Tm(Fq) ⊂ T ′(Fq) where Tm and T ′ are F -stable maximal tori of G2 and G respectively.
Let ZG(s) denote the centralizer of s in G . Its connected component is a reductive group. Since s ∈
G2(Fq), the subgroup ZG(s) is invariant under the outer automorphism group S3. Hence the root
16 H.Y. Loke / Journal of Algebra 321 (2009) 1–17subsystem of ZG(s) with respect to T ′ is invariant under S3 too. We check that ZG(s) is either a
maximal torus or it has roots of type A1, A2, A31, A
4
1 or D4.
Suppose ZG(s) is of type A41, then there is a subgroup H  SL2 that is ﬁxed by S3 and it is deﬁned
over Fq . Furthermore, one can show that s = −1 ∈ H and up to the center of G , ZG(s) is equal to
(H × SL32)/(Z/2Z) over Fq . The conjugacy class of s is denoted by s47 in [GP].
Let f = χ6 −χ7 +χ8 −χ9. If we denote its restriction to G2(Fq) by f ′ . By Proposition 4.5 in [GP],
f ′ is nonzero only on elements in G(Fq) with Jordan decomposition ga = s47u or gb = s47u′ where
u = (2,2,2,2) and u′ = (2,2,2,2)′ are regular unipotent elements in ZG(s47). Furthermore f ′(s47u) =
− f ′(s47u′), and u and u′ occur in pairs in ZG(s47) ∩ G2(Fq). By summing f ′(g) over g ∈ G2(Fq), we
get a6 + a8 = a7 + a9. Combining this with (13), we conclude that (a6,a7,a8,a9) is either (1,0,2,3)
or (0,1,1,0). We claim that the former cannot happen which follows immediate if we can show that
∑
g∈G2(Fq)




In order to prove (14), we refer to the character table in [GP]. First we can ignore those conjugacy
classes which contain elements of the form g = su where ZG(s) does not have the correct root system.
In the remaining conjugacy classes, we observe a miracle: χ6(g) + χ7(g) + χ8(g)  χ9(g) on all
but two families of conjugacy classes, namely the ones denoted by s3 in the character table and ga
above. For ga , we observe that
∑
i=6,7,8χi(ga) + χi(gb) > χ9(ga) + χ9(gb). The proof of (14) would
be complete if we show that the conjugacy class C3 generated by s3 does not intersect G2(Fq).
We will describe the conjugacy class C3. Let s1 and s2 be simple reﬂections corresponding to the
simple roots α1 and α2 in (1) respectively and let w = s1s2. Recall that T ′b is a maximal split torus of
G and let wT ′b denote the maximal F -stable torus in G corresponding to the Weyl group conjugacy
class generated by w . The conjugacy class C3 is a conjugacy class generated by a regular semisimple
element in wT ′b(Fq).
We will now prove our claim that C3 cannot intersect G2(Fq). Suppose s lies in the intersec-
tion. We assume that s ∈ g T (Fq) where we recall that T is a maximal split F -stable torus in G2.
Here g−1F (g) ∈ NG2 (T ). Therefore s ∈ g T (Fq) ⊂ g T ′b(Fq). Since g T ′b is the centralizer of s, we may
assume that g T ′b = wT ′b which is F -stable. Hence g−1F (g) maps to an element w ′ in the Weyl group
W (T ′b) which is conjugate to w . Furthermore w
′ is ﬁxed under the action of the outer automorphism
group S3. We claim that such element w ′ does not exist. Indeed, since w ′ is an element in the Weyl
group conjugacy class of w , it will ﬁx a unique εi where 1  i  4. This implies that S3 will ﬁx εi .
However we observe that S3 does not have this property so w ′ does not exist. This completes the
proof of claim and Theorem 1.5.1.
7. Other representations
7.1. We can also verify Conjecture 1.2.2 for some interesting representations. For example, one can
prove the following theorem.
Theorem 7.1.1. Suppose W is a cuspidal representation of the Levi subgroup of P ′234(Fq), then there is no




The proof is tedious so we will omit it. Our methods can also determine the dimensions of G2(Fq)-
invariants of an induced representation from a parabolic subgroup if the Levi subgroup is small, for
example the parabolic subgroup is Pαi .
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